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Abstract
The partition function P(n) satisfy some congruence properties. Eichhorn and Ono prove the
existence of an eective constant C(m; r) (where m; r 2 N have some restrictions), such that
if p(mn + r)  0(modm) for n6C(m; r), then the congruence holds for every non-negative
integer n. In this paper we improve the value of C(m; r) by removing its dependence in r.
c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction and preliminaries
A partition of a positive integer n is any non-increasing sequence of positive integers
whose sum is n. Let p(n) denote the number of partitions of n. As usual, we will adopt
the convention that p(0) = 1 and p() = 0 if  62 N.
Ramanujan proved that for every non-negative integer n we have
p(5n+ 4) 0 (mod 5);
p(7n+ 5) 0 (mod 7);
p(11n+ 6) 0 (mod 11)
and conjectured further congruences modulo arbitrary powers of 5, 7, and 11. Since
then, the problem of nding congruences for the partition function have attracted the
attention of many authors. Nowadays it is clear that congruences of the form
p(an + b)  0 (mod m) are rare, (see [6]), however one can nd many more than
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those announced by Ramanujan. In particular, Atkin and O‘Brien [2,3] provided fur-
ther congruences such as
p(113  13n+ 237)  0 (mod 13)
and Ono [7], in a recent work went much further. If m>5 is prime and k is a positive
integer, then Ono has shown that the set of primes ‘ for which
p

mk‘3n+ 1
24

 0 (mod m)
for every n coprime to ‘ has positive density.
Here we are interested in nding a simple algorithm of deducing the truth of an
alleged congruence. In this direction, Eichhorn and Ono [4] proved a general result of
which the following is a special case:
Theorem 1. Let 16b< 24 be a xed integer; and let m>5 be a prime m 
b(mod 24). If r  24−1 (mod m); 16r <m; then
p(mn+ r)  0 (mod m)
for every non-negative integer n if and only if the congruence holds for every n6C(m)
where C(m) := (m+ 1)(m+ b− 2)=24.
So, in order to prove an alleged congruence, one has to just compute the rst C(m)
values. In this paper, we improve Theorem 1 by removing the dependence of the
prime m modulo 24, so that we can replace b by 1 in the value of the constant.
Moreover, we give a recurrence relation for the partition function modulo primes in
terms of generalized divisor functions. We include some examples in the nal section.
The main result is
Theorem. Let m>5 be a prime. If r  24−1 (mod m); 16r <m; then
p(mn+ r)  0 (mod m)
for every non-negative integer n if and only if the congruence holds for every n6(m)
where (m) := (m+ 1)(m− 1)=24.
For this purpose we will use the theory of modular forms, (see [5]). We now
introduce the facts we need from that theory. For a given positive integer N we denote
 0(N ) the subgroup of SL2(Z) dened by
 0(N ) =

a b
c d

j c  0 (mod N )

:
Let SL2(Z) act on the upper half of the complex plane H as usual. That is for A =
a b
c d

in SL2(Z), Az = (az + b)=(cz + d). A meromorphic function on H satisfying
f(Az) = (cz + d)kf(z)
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for all A in  0(N ) is called a modular function of weight k with respect  0(N ). If
f is holomorphic on H and at the cusps (i.e. the rationals) of  0(N ), then we call
it a modular form. If in addition f vanishes at the cusps then it is a cusp form.
The set of modular (resp. cusp) forms of weight k with respect to  0(N ), forms a
nite dimensional space over C which we denote Mk( 0(N )) (resp. Sk( 0(N ))). There
are several ways to build new modular forms from others. We recall two: Given
f(z)2Mk1 ( 0(N )) and g(z)2Mk2 ( 0(N )), then f(z)g(z)2Mk1+k2 ( 0(N )). The other
way comes from the existence of linear operators which preserve the spaces Mk( 0(N ))
and Sk( 0(N )). These are the Hecke operators Tm dened as follows: Consider f(z)=P
n>0 a(n)q
n in Mk( 0(N )). Then f(z)jTm 2 Mk( 0(N )) is given by
f(z)jTm =
X
n>0
X
djgcd(m;n)
dk−1a(nm=d2)qn:
In the theory of modular forms, there are several functions that play a fundamental
role. Among them, the Dedekind eta-function dened by the innite product
(z) := q1=24
Y
n>1
(1− qn);
where, as usual q= exp(2i z), and the Ramanujan Delta-function
(z) := (z)24 = q− 24q2 + 252q3 − 1472q4 +    ;
make clear the relation between p(n) and the theory of modular forms. Indeed, it is
easy to see that the generating function for p(n) can be written as
1X
n=0
p(n)qn = q1=24−1(z);
and on the other hand, it is well known that (z) 2 S12( 0(1)).
Other modular forms of extreme importance are the Eisenstein series. If k>4 is
even, then the q-expansion of the Eisenstein series Ek(z) is
Ek(z) = 1− 2kBk
1X
n=1
k−1(n)qn;
where k(n)=
P
djn d
k , and Bk are the Bernoulli numbers. It is well known that Ek(z) 2
Mk( 0(1)) and that for 4jd, Sd( 0(1)) has a basis of the form
f(z) jE4(z)d=4−3j: 16j6d=12g:
Moreover, we know that
(z) =
1
1728
(E4(z)3 − E6(z)2); (1)
so we can express the coecients of the q-expansion of any element on Sd( 0(1)) for
4jd, in terms of generalized divisor functions k(n).
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2. Proofs
Let m>5 be prime. In [7] it is proved that the function (m)(z)jTm=
P
n>0 am(n)q
n,
where (m) = (m2 − 1)=24, satises
(m)(24z)jTm 
X
n>0
p

mn+ 1
24

qn+m
1Y
n=1
(1− q24n)m (mod m):
Using Euler’s identity [1, Corollary 1.7]
1Y
n=1
(1− qn) =
1X
n=−1
(−1)nqn(3n+1)=2;
and the fact (1− x)m  (1− xm) (mod m), we conclude that modulo m
(m)(24z)jTm 
X
n>0
1X
l=−1
(−1)lp

mn+ 1
24

qn+m+12ml(3l+1)
=
X
k>0
 1X
l=−1
(−1)lp

m(24k − m− 12ml(3l+ 1)) + 1
24
!
q24k ;
and so modulo m
am(k)  p(mk − (m)) +
X
l6=0
(−1)lp

mk − (m)− m2 l(3l+ 1)
2

: (2)
It is easy to prove by induction that p(mk − (m))  0 (mod m) for all k if
am(k)  0 (mod m) for all k, and so it remains to prove that the coecients am(k) are
multiples of m if and only if am(k)  0 (mod m) for k6(m). Now, since (m)(z)jTm
is in S12(m)( 0(1)) we can write it as
(m)(z)jTm =
X
j>1
m(j)(z) jE
3((m)−j)
4 :
Dene integers cj;m(n) by
(z) jE3((m)−j)4 =
X
n>0
cj;m(n)qn:
By the q-expansion of (z) and E4(z) it is clear that cj;m(n)=0 for n<j and cj;m(j)=1,
hence
f(z) jE4(z)d=4−3j: 16j6d=12g
is not only a basis on Sd( 0(1)), but for Sd( 0(1))m the space of modular forms in
Sd( 0(1)) reduced modulo m. Let us consider now the matrix C whose (i; j) entry
is given by cj;m(i). Every element of C over the diagonal is 0, and it has 1 in the
diagonal. Moreover, we have
(am(1); : : : ; am((m)) = C
0
B@
m(1)
...
m((m))
1
CA ;
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and so inverting C, we can write m(i) for 16i6(m) in terms of the coecients
am(k) for k6(m) and the entries of C−1 which \are" themselves generalized divisor
functions by (1). Therefore, since C is triangular, am(k)  0 (mod m) for k6(m)
would imply m(i) = 0 for all i, and then we would have am(k)  0 (mod m) for all
integer k.
The relation (2) shows that the coecients am(k) for k6(m) are in terms of certain
values of the partition function modulo m, hence for any prime m>5 the proof of the
theorem give us the following recurrence relation:
p (mk − (m)) +
X
l6=0
(−1)lp

mk − (m)− m2 l(3l+ 1)
2

 am(k)

(m)X
j=1
m(j)cj;m(k)(mod m):
3. Examples
Using MAPLE we have found the explicit recurrence relation for any prime m624.
In particular, 5(1)  0 (mod 5), 7(1)  7(2)  0 (mod 7) and 11(1)     
11(5)  0 (mod 11), and so we only need to compute half of the values needed in
[4] to conclude the following:
Corollary.
p(5n+ 4) 0 (mod 5);
p(7n+ 5) 0 (mod 7);
p(11n+ 6) 0 (mod 11):
Examples.
Modulo 13 we have
p(13k − 7) +
X
l6=0
(−1)lp

13k − 7− 169 l(3l+ 1)
2


7X
j=1
13(j)cj;13(k);
where (13(1); : : : ; 13(7)) = (11; 8; 4; 8; 9; 8; 2), modulo 17 we have
p(17k − 12) +
X
l6=0
(−1)lp

17k − 12− 289 l(3l+ 1)
2


12X
j=1
17(j)cj;17(k);
where (17(1); : : : ; 17(12)) = (7; 11; 15; 15; 3; 8; 2; 10; 7; 0; 0; 0), modulo 19 we have
p(19k − 15) +
X
l6=0
(−1)lp

19k − 15− 361 l(3l+ 1)
2


15X
j=1
19(j)cj;19(k);
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where (19(1); : : : ; 19(15)) = (5; 14; 18; 15; 4; 4; 17; 11; 11; 6; 16; 8; 6; 14; 14) and modulo
23 we have
p(23k − 22) +
X
l6=0
(−1)lp

23k − 22− 529 l(3l+ 1)
2


22X
j=1
23(j)cj;23(k);
where
(23(1); : : : ; 23(22)) = (1; 3; 16; 5; 16; 22; 6; 18; 7; 4; 14; 21; 3; 9; 7; 9; 12; 16; 0; 0; 0; 0):
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